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Abstract

In the year 1979, M. Matsumoto has discussed non-Riemannian Finsler
spaces with vanishing T-Tensor. In the paper, M. Matsumoto has shown that if
a Finsler space M"™ satisfy T'—condition i.e. Tj;jx = 0, Then for such a Finsler
space the function L2C? of M™ is a function of position only (i.e. L?C? = f(x)),
where L is fundamental function and C? is the square of length of torsion tensor
C;. In continuity of the above paper F. Ikeda in the year 1984, studied Finsler
spaces L?C? as a function of z in detail. In the year 1991, Ikeda considered
Finsler spaces satisfying the condition L?C? as to non-zero constant, which
is a stronger condition. One of the author T. N. Pandey in the year 2012
studied Finsler spaces taken L2C? equal to some known function of = and y i.e.

L2C* = f(x) + f(y).

In the present paper we shall consider the combination of L and C differ-

th

ently and taking L™t1C = X, where v is m*™ root metric.

1. Introduction

M. Matsumoto in the paper, [9] studied non-Riemannian Finsler spaces
with the vanishing 7T—tensor, which are said to satisfy the T'—condition (by
T—condition we mean a Finsler space whose T—tensor vanishes), then the
function L2C? over M™ is reduced to a function of the position only (i.e.,
L?C? = f(x)) where L is the fundamental function and C is the length of
torsion vector Cj.

He has also quoted that if the metric tensor g;; has a special form as g;; = qu
then the function L?2C? becomes zero (i.e. L2C? = 0). Because in this case the
T—condition satisfies automatically and C; = 0.
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In the continuity of the above paper F.Ikeda in the year 1984, studies Finsler
spaces, L?C? is a function of z in detail and come out with some interesting
result specially for two and three dimensional Finsler spaces. Actually Ikeda
was examine the equivalence of T'—condition with L?C? = f(x). In the year
1991, F. Ikeda consider Finsler spaces satisfying the condition L2C? equals to
non-zero constant, which is stronger condition, then the condition imposed by
him in the paper 1984.

An example of such a Finsler spaces with a constant function L>C? is a two
dimensional Berwald space. One of the author (T. N. Pandey), in the year 2012
[2] studied Finsler spaces taken LC equal to some known function of z and y,
ie. LC = f(x)+ g(z).

In the present paper, we shall consider combination of L and C' differently
and taking L™t1C = 4™, where v is well known M root metric. For such a
Finsler space if it is C—reducible it has been worked out under what condition
T—Tensor vanishes. In the last section it has been worked out under what
condition such a Finsler space (L™1C = 4™) is a Landsberg space or Berwald
space.

2. T-Tensor of a Finsler space with L™T1C =A™

Let l;, h;; and Cjj;, denote the unit vector, angular metric tensor and the
(h) hv—torsion tensor respectively.

The well-known T'—Tensor Ty ([7], # equation (28.20)) has been defined

by
Tijkn = LCijun + Cijkln + Ciknli + Crnilj + Chijli. (2.1)
and the torsion Tensor Cj is given by C; = gjkC’ijk, where the symbol |, denote

v—covariant differentiation and ¢/* denote reciprocal of gjk- We are considering
a F™ whose torsion tensor is such that

LmHC =4m, (2.2)
where Y™ = aiyiy. 4, Y1y ...yt is the m™ root metric.
Differentiating equation (2.2) with respect to y", we get
(m+ 1) L™BC + L™ Cy = maniyiy...in ¥y - y'™,

(m + 1)LI,C + L*Cy, = Lz i (-

<.
[
o~
=

m
m—1 Ahigiz...im

(m + 1)L0lh + L2C;h = may (2.3)
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where C.j, = % and aj, = apiyiy. i, 12 ... 1.

Now,
Tijkn = LCijkin + Cijiln + Cjknli + Cinilj + Chijli.
Contract with ¢/ and summing with respect to j and k

Tin, = LCi|p + Cilp + Cpl; + Ciilj + Ch k.,

C'Ty, = LCy|5,.C* + C?ly,. (2.4)
Now, differentiating the equation C? = g% C;C; with respect to y"
- 0C; - 0C;
20C,, = ¢1 50 4 411 %%
C'C;
C;h — T‘h
From (2.3), .
(m + 1)LI,C + ¢ g"’h = may,,
LCiC|, = C [C‘fhm ~(m+ 1)zhc} . (2.5)

In the virtue of equation (2.4) and equation (2.5), we obtain
CiTy, = C [m“fh ~(m+ 1)zhc] 4O,

CiTy, = mC (% - czh) (2.6)
Conversely, let
CiTyy, = mC (“fh . czh) ,
LCCy|), + C2ly, = mC (G—Lh - czh) ,
LCy + (m+1)Cly, =m <a—£) , since C'Cyln = CCy,
L2C;h + (m+ 1)CLl, = may,.
Multiplying both side by L™ !, we get
(L™ = map L™
Multiplying both side by ¢ and using Euler’s theorem, we get
L™MC = ap L™" = apigiy..i Y™ .y y",
LmHC =4m,

Thus, we have
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Theorem (2.1). For a Finsler space (M™, L) of dimension n, if torsion Tensor
C is such as L™ C = 4™. Then following relation C*T}, = mC(% — Clh)
holds good.

Next, for a two dimensional Finsler space the T—Tensor ([7], # equation
(28.3))

Thijk = I;gmhmimjmk, (2.7)

where o = Lady]l
(28.3)).

m', also LCijr = Imimjmg and LC = I ([7],# equation

Writing LC' = I in equation (2.2) and differentiating with respect to y*, we have

(LmI);i = ’)’;T
. ol
mll; + I.om; = ma; since (La - = I;gmi)
Y
Contracting both sides by m’ and we have,
Io= mm’ a;.
From (2.5), we have
Thijr. = ma,m" mpmim;jmy,. (2.8)

Corollary (2.1). For a two dimensional Finsler space if L™T1C' = 4™ and q;
is parallel to l;, then T},;;, = 0.
Next, for a C—Reducible Finsler space the T'—Tensor [7] can be written as,

Lcr

Thijr = -1y Thijkhniljk, (2.9)

where C* = g Cj| ;j and 7, represent sum of cyclic permutation in the indices
h? /1:7 j’ k'

Contracting equation (2.9) by ¢/%, we get

LC*
Thi = mhhzﬂ
Using equation (2.4)
CiTy = O oy = Lo = mC (% — 1), (2.10)
n—1 n—1 L
_ L LC*Cy

ap = —|—mClh],

m [C(n -1)
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=1

Corollary (2.2). For a C—Reducible Finsler space (M", L) with L™1C = 4™
and a; parallel to [;, then

L
m

Lcex
n—1

Chay,

Thijx = 0.
3. Landsberg space and Berwald spaces satisfying the condition L™11
C =~m
Let us consider a Finsler space M™, where C' is such that
LmHC =A™,

Differentiating above equation with respect to 3°, we get

L™MCy + (m 4 1) L™Cl = my™ by, (3.1)
where C,; = g;“; and y; = g—;. Differentiating equation (3.1) with respect to g/,
we get
(m + 1)L™;Cyy + L™ Clj + m(m + 1)CL™ Ml + (m + 1) L™ C il

(3.2)
+ (m+ I)CLm_lhij =m(m — 1)’ym_1'ymj + m'ym_lfyij.

Using h;; = gij — l;lj, we have
o 1 [m,ym—Q
Jij " (m+1)Ct Lm1

{775 + (m = )%yt — {(m + 1) L(Cyly + Cjl;)
(3.3)

dC.;
+ (m* = 1)Cll; + L*—"}].

Yy

Again differentiating equation (3.2) with respect to y*, we get

1 m m—
Cijk :2(m F)oLn T [m’Y Yigk +m(m — Dy™ 2 (mievive) + m(m
- 1)(m - 2)’7m_37i7j’7k - Lm+lc;i;j;k; — (m + 1)Lm(ﬂ'ij]€lic;j;k)
— (m + 1)mLm_1(7’['ijkC;iljlk) — (m + 1)Lm_1(ﬂ'z‘jkC;ih]‘]§) (34)
— (m = 1)(m + 1) L™ 2C(mijilihjr)
—m(m+1)(m — 1)0Lm2ziljzk] :
Since

m

Y™ = @iy igig i (2) YY"y
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Differentiating above with respect to 3 and 3’ and using obtained value in (3.4),
then (3.4) becomes

1
2(m + H)oLm—1 |
— (m+ 1) L™ (mijiliCijir) — m(m + 1) L™ (i Cil il
— (m + 1)Lm_1(7r¢jk0n;hjk) — (m — 1)(m + 1)Lm_2

Cijk = (m —1)(m —2)L"™ a5, — L™ Cuijig

(3.4)/

C(ﬂ'wkllh]k) — m(m + 1)(m — 1)Lm_20lzljlk )

1
Cigiln “2(m +1)CLm-1
— (m A+ 1) L™ (mijliCjigyn) — m(m + )L™ (minClynlili) — (m
+ DL Y migrClaphr) — (m = 1) (m+ 1) L™ 2Cy) (mijilibyg)

_ _ m—2 7. 1 1
m(m 1)(m—}— 1)L Clhllljlk:| + 2(m+ 1) CLm-1 h

[m(m —1)(m — 2)Lm73aijk|h - LmHC;i;j;klh

[m(m — 1)(m — 2)Lm_3aijk — Lm—HC;i;j;k — (m + I)Lm(ﬂij’kliC;j;k)
— m(m + 1)Lm71(ﬂ'ijk0;iljlk) — (m + 1)Lm71(7T,;jkC;ihjk) — (m

— 1) (m + )L™ 2C(mklihjr) — m(m — 1) (m + 1)CLm2zizjzk} .
(3.5)
Contracting equation (3.5) by y", we get
Pijr = Cijpny"
1
hor o —

Y P Yo

- (m + I)Lm(ﬂijklic;j;k‘o) — m(m + 1>mel<ﬂijk0;i‘oljlk)
— (m+ 1) L™ H(mijuCohn) — (m — 1) (m + 1) L™ 2Clo(mijulihjr,)

{m(m —1)(m —2)L" 3a;x0 — Lm+10;i;j;k|0

J— — m_2 . . 1 1
m(m —1)(m+ 1)L lezl]lk] + Sm+ 1)\ CLm T \

[m(m — 1)(m — 2)Lm73aijk — Lm+10ﬂ';j;k — (m + 1)Lm(7T7;jkliC;j;k)

— m(m + 1)Lm_1(7TZ‘jkC;iljlk) — (m + 1)Lm_1(7rijkc;ihjk)
— (m —1)(m + 1)L 2C(mijlihjk)
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—m(m —1)(m + 1)CL™ 211y, (3.6)

where P;jj, is the (V) hv—torsion tensor. The symbol |;, denotes the h—covarient
differentiation and the index 0’ means contraction by 3.
If we put Cyjrp, = 0 and Pjj = 0, respectively, then we obtain
1
2(m +1)CLm1
— (m + 1)Lm(7TijkliC;j;k|h) - m(m + 1)Lm71(ﬂ'l’jkcﬂ|hljlk)
— (m + 1)Lm’1(7rijkC’;i|hhjk) - (m - 1)(m + 1)Lm720|h(ﬂ'ijklihjk)

1 1
— _ m—2 .
m(m —1)(m+ 1)L C|hlzljlk} + S+ 1) <CLm_1)|h

[m(m —1)(m = 2)L" agpn — L™ Clisjn

(3.7)
[m(m — 1)(m — 2)Lm_3aijk — Lm—HC;Z‘;j;k - (m + 1)Lm(7rijkli0;j;k)
— m(m + 1)Lm_1(ﬂ'ijk0;iljlk) - (m + 1)Lm_1(77ijk0;ihjk)

— (m — 1)(m + 1)Lm_20(ﬂ'ijklihjk)

—m(m—1)(m+ 1)C’Lm_2liljlk} = 0.

and
1
2(m +1)CLm1
— (m 4 1) L™ (m35%liC. jkjo) — m(m + D) L™ (mi5,.Clipolsli)
— (m+ 1) L™ Y76 C.iohji) — (m — 1) (m + 1) L™ 2Clo(mijilihjr)

[m(m —1)(m = 2)L" g0 — L™ Cijano

1 1
_ _ m—2 T.
m(m —1)(m+ 1)L C’|0lzljlk} + 2(m + 1) <CLm_1)h

(3.8)
[m(m —1)(m = 2)L™ Pag — L™ Clijir — (m + 1) L™ (7361 Cji)

—m(m+ 1)Lm_1(7rijk0;iljlk) — (m+ 1)Lm_1(7'&’ijk0;ihjk)
- (m - 1)(m + 1)Lm_20(71'ijkl@'hjk)

—m(m —1)(m + 1)0Lm—2zizjzk} =0.

Therefore, we have
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Theorem (3.1). If torsion scalar C' of F™ = (M™, L) satisfies the condition
L™1C = 4™, then necessary and sufficient condition for M™ to be a Berwald
space is that the equation (3.7) holds good.

Theorem (3.2). If torsion scalar C' of F™ = (M™, L) satisfies the condition
L™*1C = 4™, then necessary and sufficient condition for M™ to be a Landsberg
space is that the equation (3.8) holds good.
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