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Abstract

The (a, §)-metric is a Finsler metric which is contstructed from a Riemann-
ian metric « and a differential 1-form S. In this paper Finsler space with some
(o, B)-metrics like L = (a + $)?/a and L? = 2af becomes weakly Berwald
spaces under some geometric and algebraic conditions.

Keywords and Phrases : Berwald space, Finsler space, Weakly Berwald
space, («, 3)-metric.
2000 AMS Subject Classification : 53B40, 53C60

1. Introduction

The concept of (a, §)-metric was proposed by M. Matsumoto (1972) and
investigated in detail by S. Kikuchi [11], C. Shibata [1], M. Hashiguchi and
others [5]. The study of some well known metrics like Randers metric o + 3,
Kropina metric /3 have greatly contributed to the growth of Finsler geometry
and its applications to the theory of relativity. S.Basco [10] gave the definition
of a weakly-Berwald space as another generalization of Berwald space. The
authors Il-Yong Lee and Myung-Han Lee [3] have studied on weakly Berwald
spaces of special («, #)-metrics. In this paper we extended the study to some
other (a, 3)-metrics.

2. Preliminaries

By a Finsler space, we mean a triple F™ = (M, D, L), where M denotes
n-dimensional differentiable manifold, D is an open subset of a tangent vector
bundle T'M endowed with the differentiable structure induced by the differen-
tiable structure of the manifold TM and L : D — R is a differentiable mapping
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having the following properties:

i) L(z,y) >0, for (z,y) € D,
i)  L(xz,\y) = |AL(z,y), forany (z,y) € Dand\ € R, such that
(z,\y) € D,

1. .
i1i) The d — tensor field g;;(z,y) = 581'8]1?, (z,y) € D,

where 9; = a%i’ is non-degenerate on D.
The metric tensor g;; and Cartan’s C-tensor Cjjj, are given by [2]
gi; = 0:0;L%/2, g" = (gi;)7",
Cijr = %@cgij, ch = %gkhcihj-
We use the following [2]
(a) 1y =0:L, I'=9'/L,
(0)  hij = gij — lilj,
(€) A= %gih {0kgjn + 0;gkn — Ongjr}
d) G'= %V;kyjyk, Gh=0;G', Gl =hGi, Gy =0Gi,.
A Finsler metric L(x,y) is called an (o, 3)-metric L(a, 3) if L is a positively

homogeneous function of o and 3 of degree one, where o? = a;;(x)y'y’ is a

Riemannian metric and 8 = b;(z)y* is a 1-form on M™.
We define G; as [3]
Gi = {y"(On0,L*) — 0,1} /4,

and G = g G}, (g%) is the inverse matrix of (g;j) and the Berwald connection
BI' = (G;k, G}, 0). A Berwald space is a Finsler space which satisfies the condi-
tion G?j i
tions of the position (z%) alone. Therefore it satisfies the condition th?jk =0,

= 0, that is, whose coefficients Gzhj of the Berwald connection are func-

so that 2G* = G;kyj y* are homogeneous polynomials in (y°) of degree two. So
D" = G'y’ — G?y" are homogeneous polynomials in (y*) of degree three. Thus
we consider the notion of Landsberg spaces, Douglas spaces, weakly-Berwald
spaces as three generalizations of Berwald spaces. Thus we state that a Finsler
space is said to be weakly Berwald space if it satisfies the condition G;; = 0.
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A Finsler space with an (a, 3)-metric is a weakly Berwald space if and only
if B! = 0B™/0y™ is a one-form [3] i.e, B, = 0B™/0y™ is a homogeneous
polynomial in (3°) of degree one. In other words, a Finsler space with an (o, 3)-
metric is a Berwald space, if and only if B™ are homogeneous polynomials in (y*)
of degree two. In this paper we find that the conditions for the Finsler spaces
with the metric L = (a + 8)?/a and L? = 2a3 be weakly Berwald spaces.

3. Weakly-Berwald space with respect to (a, 3)-metric

In this section, the symbol (;) stands for h-covariant derivation with re-
spect to the Riemannian connection in the space (M™, «) and 'y]i-k stands for the
Christoffel symbols in the space (M™, ).

We use the following notations [3]
(a) rij = %(bz‘;j +bii), 15 =almy, =i
() sy = %(bz‘;j —bj), 85 =a"sn;,  sj=bisj,
() b =a"b,, b =0
Define the functions G™ of F™ with an («, 3)-metric as [9][3];
2G™ = vyp5 +2B™, (3.1)
where
B™ = (E"/a)y™ + (aLp/La)sg" — (Laa/La)C*{(y" /) = (/B)0™}, (3.2)

we put

E* = (BLg/L)C",
C* = {aB(rooLa — 2as0Lg)} /{2(8* Lo + a¥*Laa) }, (3.3)
72 — b2 2 52‘
Differentiating (3.2) by 3™ and contracting m and n in the obtained equation,
we have

m_ Ja (BLg\ m  nBLg 5 (colaa By™ — a2b™ N
B = {8m ( aL )Y + aL Om L af ¢
OéLaa \ 1 m l m £ g m *
“p o (G s 0n (5) e
N (ﬁLaLg —aLLag a?Laq

3 *\, M \ *\7.m \ aLﬁ m
oLL. )(8mc )y +( L. >(8mc )b +8m<La>so.
(3.4)




4 S. K. Narasimhamurthy, Latha kumari G. N. and C.S. Bagewadi

Since L = L(«, ) is a positively homogeneous function of o and (3 of degree
one, we have

Loa+ LgB =1L, Laoa+ LagB =0,
Lo+ Lﬂﬁﬁ =0, Laca®+ LaasB = —Laa-

Using the above and the homogeneity of ('), we obtain the following equations

: ﬂLﬁ m __ %
Om <ozL) y = ol (3-5)

. (aLao By 0P\ A .
am( > ( Oéﬁ > - (ﬁLa)2 {LaLaa+()éLaLaaa—a(Laa) }, (36)

{5m <;> i éam — o (0‘) bm} S Y < Y

B a3?
(OmC*)y™ = 2C, (3.8)
. - 1
(OmCF)O™ = W[Q{ﬁ(WQ +26°)W + 20232 Loro — aBY* LaaToo
—2a(B%Lg + 0®12Laa)so} — 02AW {20282 L0 — V' Lana 59
— bza’yQL,m}],
A aLﬁ m _ azLLaaSO
Om < L., ) So = W, (3.10)

where

W = (TOOLa - QQSOL@),
(2 2 .
Q= (8°La + ay*Law), provided that £ # 0, (3.11)

Y =aiy", soo=0, b's, =0, a’s;;=0.
Using (3.5), (3.6), (3.7), (3.8), (3.9) and (3.10) in (3.4), we obtain

1
B" = ——  _{20%AC* + 20 LO?’B
m 2aL(ﬂLa)2(22{ ¢+ 2a %0

+ a*LLoLoa(Croo + Dso + Ero)},

(3.12)
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where

A= (n+1)8*Lo(BLoLs — aLLyy)
+ o’ L{a(Laa)? — 2LaLaa — @LaLaaa}
B = o?LLy,
C = By*{—B*(La)* + 20*°® Lo Loo — &*V*(Laa)? + &*v?LaLaaa},  (3.13)
D =2a{3*(v* = f*)LaLp — a*3°7*LaLaa
—2a07*(y* + 26*) LgLaa — a*7"(Laa)® — @*B7" LsLaaa},
E =2a%5%L.A.

Thus we conclude that

Theorem 3.1. [3] The necessary and sufficient condition for a Finsler space F™
with an (a, 3)-metric to be a weakly-Berwald space is that G} = ~{}, + B, and
B is a homogeneous polynomial in (y™) of degree one, where B]? is given by
(3.12), provided that 2 # 0.

Here we use the following;

Lemma 3.1. [6] If o> = 0 ( mod B), that is, a;;()y’y’ contains b;(z)y’ as a
factor, then the dimension is equal to two and b? vanishes. In this case we have
§ = d;(x)y’ satisfying o = 86 and d;b* = 2.

4. Finsler space with the metric L = (a + 3)?/a

Consider the metric

L(a, B) = W;W (4.1)
From (4.1), we have
Lo = (a® = §%)/a?,
L =2(a+ B)/a, w2

Laa = 252/0437
Looe = —652/044.

Substituting (4.2) in B™, we have
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m _ (@ = B%)rop — 4a”(a + B)so 1 5 m o
B™ = (1+ 2b2)a2 — 332 {<a+ﬁ_a2—ﬁ2>y +a2—ﬁ2b }
2 2
+ 0;2(6122@581’
(4.3)

and again substituting (4.2) into (3.13), (3.3) and (3.11) in respective quantities,

we obtain

20+ D50 = F)(a+ Blala = §) = 257 | 2B (a+ B+ )
a’® b

)

A=
_ 28%(a+p)?

B
2

I

B33~?
C=— {—(0? = B%)? + 4b*a*(a® — B°) — 29%(3a” — 3°)},

_453 2 a2y 2 a2 n2(-2 92
D=—A{(" =8 = B)(a+p) - By (a” = 5)

o
—4v*(v* +26%) (a + B) + 27" (3 +23)}, (4.4)
264 (a® — 4)[(1 + 2b*)a” — 347
E= — :
0 B2[(1 + 2b%)a? — 337
_ - ,
W = (0 = 1o — 0(a + Hsol,
o — al(a? = B)rep — 4a® (o + B)so) ‘

26[(1 + 202)a2 — 352
Substituting (4.4) into (3.12), we get

{(1 4 26H)a08 4+ 2(76% — )57 + 2(7 + 5b%)a’3 — 7(1 + 20%)a® % 4 95!
—3(5+4b%) a2 4+2(1+2b%)a’ B2 + 4(11 +13b%)a® 35 — 16(1 + 2b%) " 3* + 18310
—24(2 + b))’ B3} BT — {(ag — 214 — bHa®B* + [as + 2(b* — 5b? + 1)]a 0
+laz + (106% — 26* +1)]a® 32 + [(8 +b2) — agla® B + 6n310 + [a1 — 2b%(1 4+ 2b%)]a” 8
+[2(116% + 1) — ag)a’ B3 + [az + 2(2b — 11b6% — 9)]a®F° + 3(3n — 1)’

+12(11 + b?) — ag)a B roo — {[2(1 4 26%)(1 + 6b%) — b1]at®B3 + [24b%(1 + 2b%)
—4(4b" +36b% +5) — bo]a® 33 + [2(1 + 20%) (26% — 35) + 18 4 4(26b* + 37) — b3]a’3°
—[18 +12(2n + 1)]a?B? + [bs + 24(4 — b*) + 4(8b* — 23)]a*B7
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+[8(1 + 20%)(26% — 5) — by — 2(9b? — 4b* + 1)]a” B* + [4(22 + 29b%) — bs
+24(1 — 4630”88 + [8(1 4 2b%) — by — 4(13b + 2)]a’ 3% + [bg + 24]a> 5%} 50
—{2(1 4 2b%)a'%8 — 4(2 + b*)a®3% + 4(1 — b*)ab6°% — 60237 + 2(4 + 20*)a* 37

+4(1 4 263”62 + 4(7 + 20%)a’ 8% — 12036 — 4(5 + 4b?)a" B} rg = 0,  (4.5)

where
ar = (1 +26?)(1 4 2% + n),
az = (1+26%)(5n 4+ 7) + 3(1 + 2b* + n),
az = (1+20%)(3n + 1) — 3(20% — 4n — 6) — (1 + 2b%)(2b*> — 4n — 6)

+3(1 4 2b* + n),
as = (1+20%)(b* — 2n — 4) — 3(2b% — 1) — (4b* — 1) + 302,
as = (1+20%)(2n + 1) — 3(b* — 2n — 4) — (1 + 20%)(b* — 2n — 4) + 3(2b* — 1),
ag = (1 + 2b%)b?,
ar = 4b* — 14 30 — (1 4 26%)b?,
ag = 3(3n + 1) + (1 4+ 26%)(3n 4+ 1) — 3(26* — 2(2n + 3)),
ag = 3(2n+1) + (1 +26%)(2n + 1) — 3(b*> — 2(n + 2)).

by = 4(1 + 20*)(1 + 20* +n) + 4b*(1 + 2b%),

by = 4(1 + 20%)(20% — 2(2n + 3)) — 12(1 + 20 + n) + 4(4b* — 1 — 3b?),

by = 4(1 4+ 26%)(3n 4+ 1) — 12(20% — 2(2n + 3)) + 4(1 4 2b%)(b? — 2n — 4)
—12(20% — 1),

by = 4(1 4+ 26%)(b* — 2n — 4) — 12(26% — 1) 4+ 4(1 + 20?)(20? — 2(2n + 3))
—3(20% +n+ 1),

bs = 4(1 +20%)(2n + 1) — 12(b* — 2n — 4) + 4(1 + 2b*)(3n + 1)
— 3(20% — 4n — 6),

be = 4(1 + 2b%)b?,

by = 4(4b* — 1 — 3b%) + 4(1 + 20*)(1 + 2b* + n),

b = 12(3n 4+ 1) +4(1 4+ 26*)(2n + 1) — 12(b* — 2n — 4)),

bg = 12(2n + 1) +12(3n + 1).
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Now we assume that F" is a weakly Berwald space, then B} is hp(1). Since «
is irrational in ('), the equation (4.5) is divided into two equations as follows,

Fy BT + B8Giroo + o Hyso + a*Iirg = 0, (4.6)
BEyB™ + Gorog + o BHaso 4+ o2 Blarg = 0, (4.7)
where
Fi = (14 2b%)a'® 4+ 2(70% — 1)a? 8% + 2(7 + 5b%)a’8* — 7(1 + 2b%)a® 52 + 9310
—3(5 + 4b%)a? 38,
Fy = +2(1 4+ 2b%)a® + 4(11 + 130*)a*B* — 16(1 + 2b?)a’ % + 183°
— 24(2 4 b*)a?s°,

G1 = —{[as — 2(4 — bH]a®B? + [as + 2(b* — 5% + 1)]a* B!
+ [az + (1067 — 2b* + 1)]a® + [(8 + b?) — ao)a®B® + 6n5%},
Go = —{[a1 — 20*(1 + 2b%)]a® + [2(11b% + 1) — ag]a’p?
+ [as + 2(2b* — 116% — 9)]a*B* 4 3(3n — 1) 3% + [2(11 + b?) — ag]a®B°},
Hy = —{[2(1 + 2b*)(1 + 6b%) — b1]a® + [24b*(1 + 2b%) — 4(4b* + 361 + 5)
— bo]a®B% + [2(1 + 20%)(26% — 35) + 18 + 4(26b + 37) — bz]a’*3*
— [18 +12(2n + 1)] 8% + [bs + 24(4 — b%) + 4(8b* — 23)]a*3%},
Hy = —{[8(1 + 2b?)(20% — 5) — by — 2(9b* — 4b* + 1)]a* 3% + [4(22 4 29b%) — bs
+24(1 — 4b*)]a? B + [8(1 + 2b%) — by — 4(13b + 2)]a® + [by + 24]5°},
I = —{2(1 4+ 2b%)a® — 4(2 + b*)a’B% 4+ 4(1 — b*)a' Bt — 6% + 2(4 + 20%)a2 5%},
Iy = —{4(1 4 2b%)a8 + 4(7 + 20%)a? Bt — 1235 — 4(5 + 4b%)a* 3%},
Eliminating B; from these equations, we obtain
Rroo + o®8Ssg + «28Tr = 0, (4.8)
where
R=(3’FG, — F1Gy, S =FH,—FiHy, T =FI —FI.
And (4.8) implies
(R/a?B)ro0 + Sso + Tro = 0. (4.9)

Since only the term e;a!® of Ssy in (4.9) does not contain 3, we must have
hp(16)Vig, such that

(JélGSO = ﬁViG (4.10)
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Here

e = (14 26%){4[(1 + 26%)(1 + 6b%) — by] — [8(1 + 2b%) — by — 4(13b% + 2)]}.

First consider that a? #Z 0( mod 3) and b? # 0. (4.10) shows the existence of
a function k(z) satisfying Vig = ka'%, and hence so = k3, (4.9) reduces to

(R/aQﬁ)roo + SkB+Trog =0,

implies

Rroo + Ska?B% + o*8Try = 0.

Only the term —(1+2b2)[a; —2b%(1+2b%)]a'8rg of the above does not contain (3.
Thus there exist hp(19)Usg satisfying —(142b0%)(a; —2b%(1+2b%))a'8rqg = BU1.
It is a contradiction, which implies £ = 0. Hence we obtain sy = 0;s; = 0. (4.8)
becomes

Rroo + o*BTrg = 0. (4.11)

Only the term 27(n+1)38rqq of (4.11) seemingly does not contain o, and hence
we must have hp(18)Vig such that 3'8rgg = a?Vig. From o? # 0( mod f3) there
exist a function f(z) such that

roo = a2f(2); iy = aii (). (1.12)
Transvecting above by b‘y/, we have
ro=pAf(x); r;=0b;f(). (4.13)
Substituting (4.12) and (4.13) into (4.11), we have
f(@)(R+ B*T) = 0. (4.14)
Assume that f(x) # 0, from (4.14) we get
R+ (3°T =0,

the term —(1+ 2b%)(a; —2b%(1+2b%))a!® of the above does not contain 3. Thus
there exist hp(17)Vi7 satisfying — (1 + 2b2)(a; — 2b%(1 + 2b?))a'® = BV47, where
Vi7 is hp(17) this implies V47 = 0, provided that b # 0. Hence f(z) = 0 must
hold and we obtain

7’0020; rij:O and 7’0:0; T’jZO.

Conversely, substituting roo = 0, sp = 0 and 79 = 0 into (4.5), we have
B = 0. That is, the Finsler space with (4.1) is a weakly-Berwald space.
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On the other hand, we suppose that the Finsler space with (4.1) be a
Berwald space. Then we have rgp = 0, so = 0 and g = 0, because the space is
weakly Berwald space from the above discussion. Substituting the above into
(4.3), we have B™ = 0, that is, the Finsler space with (4.1) is a Berwald space.
Hence s;; = 0 hold good.

Now consider o®> = 0( mod 3), Lemma 3.1 shows that n =2, b*> =0 and
a? = 36, § = d;(x)y’. From these conditions (4.8) is rewritten in the form

R'rop + 86S5"sp = 0, (4.15)

where
R =21683% — (432 + ag) 3% + 2(9as + 24ag + 128) 5762 + 2(9ay — 22a9 — ag

—12)356%[2(22a5 + 9ay — 24a4 + Sag + 184) — (365 — 14ag — 2a3)]3°6*

+ [2(22a4 — 8as — 24a7 — ag — 208) — (Tag + 14az + 2ay — 413)]8%6°

[2(as + 14a7 — 8ay + 80) + (Taz + 14as + 2a1 + ag — 176))3%0° — a16° + [2

(a7 +7) — (2 — as — 7a;)]36° + [2(ay — 8) — (14a1 + a3 + Tas — 32)]8%57,
S" = [2(2 = b1) — br]6® — [2(20 + by) + 16(2 — b1) — (42 + ba) + Tb7] 36"

+ [44(96 — b3) — 3588 — 16(4 + bg) + 18(2 — by) + 48(20 + ba) — 2(42 + by)

— 14(112 — bs) + 7(bg + 24) — 15b7]5%0% + [2(bs + 4) — 44(20 + by)

+2(96 — bs) — 48(2 — by) + 14(42 + by) — (bg + 24) + 7(112 — bs)

— 207]336° + [2(96 — b3) + 44(2 — by) + 44(bg + 4) + 16(20 + b)

— T(42 + by) — (112 — bs) + 14b7]5%0° + [2(112 — bs) — 14(bg + 24)

— 15(42 + by) — 48(96 — b3) — 18(20 + bo) + 9b7]575° + [15(112 — bs)

+ 2(bg 4 24) + 9(42 4 by) — 48(bg 4 4)]8°52 + [15(bg + 24) — 9(112 — b3)

+ 18(bg + 4) + 3644] 876 — [1404 + 9(by + 24)]55.

Since only the term 2163%rgg of R'roo + 33S'sg in (4.15) seemingly does not
contain ¢, we must have hp(1)V; such that rog = dV1. We have so = 0; s; =0,
now (4.15) becomes

R/T()() = O, (4.16)
which implies

roo=0; 7r;=0 and ro=0; r;=0.

Conversely from rgg = 0, r9 = 0 and sop = 0 we have B] = 0. Thus the space
with (4.1) is weakly-Berwald space. Thus we state that
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Theorem 4.2. A Finsler space with the metric (4.1) is weakly Berwald space
if and only if the following conditions holds;

(1) &® #0( mod f) implies r;; = 0 and s; = 0.
(2) a? =0( mod ) implies n = 2, b> =0 and r;; = 0, s; = 0 are satisfied,
where o = 38, 6 = d;y".

5. Finsler space with the metric L? = 2a03

In this section we consider the Finsler space with the metric

L? = 2ap. (5.1)
From (5.1), we have
Lo=B/L, Lg=a/L, Loa=—3*/L% Lo =33%/L°. (5.2)
Using (5.1), (3.13), (3.3), (3.11) and (3.12), we obtain
FBT — BGroo + o*Hsg + a*Irg = 0, (5.3)

where
= 98' - 60%aB% + b,
3n3% — (n — 2)b%a?,
= 3(2n+1)8% — (2n — 3)b%?,
I = 36%2-b%?

T QO

Now suppose that F" be a weakly Berwald space, that is, B is hp(1). Only
the term 984B™ — 3n33rgy of (5.3) does not contain a?, and hence we must
have hp(3) V3 satisfying 33(98B™ — 3nrgg) = a?V3. Now we assume that a? #
0( mod f), above reduces to

98B — 3nrep = ka?, (5.4)
with V3 = k3. Further (5.4) implies that

ka? 4 3nrog

Then (5.3) reduces to

k 2
F <aj9L;mm0> — BGrop + a®Hsy + o*Irg = 0,
implies

kF + 3nF'r00 — Qﬁ{ﬁG,TOO — Hsg — I’I"()} =0, (56)
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where
= —Q
o - G — 3n3?
Tz

The term of (5.6) which does not contain 3 is b*a?(ka? 4 3nrg). Consequently,
we must have hp(1)V i.e., V = ;5 such that the above is equal to b*a?3V.
Thus

ka? + 3nreg = BV. (5.7)

Since (5.7) is a contradiction, we have k = 0, and hence we get under the
assumption that n > 2,

1 1
To0 = 3*71 BV rij = 6771 (b,-vj + bj’l)i). (5.8)
Transvecting (5.8) by b'y/, we have
1 1
ro = 6—n (b2V + ’Ubﬁ); T‘j = 6771, (bQUj + ’Ubbj), (59)

where v, = v;b'. Substituting k = 0, (5.8), (5.9) into (5.6), we have
{2nV F' +18nHso + 3b°VI} = 35{28VG’ — v, V}. (5.10)

The term of (5.10) which does not contain 3 is b*a?[(2n — 3){Vb? — 18nsg}].
Thus we must have hp(2)Va, such that b*a?[(2n — 3){Vb? — 18nso}] = BVa.
Hence there exist a function h(x) such that

1
~18n(2n — 3)
_ 1 [

*1 T 18n(2n — 3)
Conversely, substituting k¥ = 0 and (5.8) into (5.4), we have 9B]' = v, that is,
B™ is hp(1).

S0 [(2n — 3)vb® — hO],
(5.11)

o2n — 3)v;b% — hb;
J J

Next suppose that a? = 0(mod@), that is, n = 2, b*> = 0 and o? = 36,
§ = dyyt, d;b' = 2. Since the dimension is equal to 2 and (b;, d;) are independent
pair, we can put v; = f(x)b; + g(x)d; under two functions f(z) and g(z), and
then v, = 2g. Transvection of (5.11) by b® gives g = 0. Hence v; = f(z)b; and
vp = 0. With this (5.8) becomes

3nrogg = f(m)ﬁ2; 3nri; = f(x)bib;. (5.12)
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From (5.9), we get r; = 0, and from (5.11), we get
18n(2n — 3)sg = — h(z)p,
18n(2n — 3)s; = — h(x)b;.

Conversely, substituting a? = 36 and (5.12) into (5.4), we have 9B™ = f(x)3+
kd, that is, B)? is hp(1). Hence we have

(5.13)

Theorem 5.3. A Finsler space with the metric L? = 203 is a weakly Berwald
space if and only if the following conditions holds;

(1) a® # 0( mod ) implies (5.8) and (5.11) are satisfied under n > 2 and
Vp = Uibi.

(2) a® = 0( mod ) implies n = 2, b*> = 0 and (5.12), (5.13) are satisfied,
where a? = 35, § = d;y* and f(z), h(x) are functions of (x?).

References

1. Shibata, C. : On Finsler spaces whih an (¢, 8)-metric, J. Hokkaido Univ. of
Education, ITA 35(1984), 1-16.
2. Rund, H. : The differential geometry of Finsler spaces, Springer-Verlag, Berlin,
1959.
3. Lee, II-Yong and Lee, Myung-han : On weakly Berwalod spaces of special («, ()
-metric, Bull. Korean Math. Soc. 43 (2006), No. 2, 425-441.
4. 1Y. Lee and H.S. Park, : Finsler spaces with an infinite series («, §)-metric, J.
Korean Math. Soc., 41 (2004), No. 3, 567-589.
5. Hashiguchi, M. and Ichijyo, Y. : On some special («a, §)-metrics, Rep. Fac. Sci.
Kagasima Univ. (Math., Phys., Chem.), 8 (1975), 39-46.
6. Hashiguchi, M., Hojo, S. and Matsumoto, M. : Landsberg spaces of dimension
two with («, §)-metric, Tensor, N. S.; 57 (1996), No. 2, 145-153.
7. Matsumoto, M. : Foundations of Finsler geometry and special Finsler spaces,
Kaiseisha prss, Otsu, Saikawa, (1986).
8. M. Matsumoto, : The Berwald connection of a Finsler space with an (a, 3)-
metric, Tensor, N. S.; 50 (1991), No. 1, 18-21.
9. M. Matsumoto, : Theory of Finsler spaces with («,3)-metric, Rep. Math.
Phys. 31 (1992), 43-83.
10. S. Bacso and B. Szilagyi, : On a weakly Berwald Finsler space of Kropina type,
Math. Pannon. 13 (2002), No. 1, 91-95.
11. S. Kikuchi, : On the condition that a space with («, 8)-metric be locally Minkow-
skian, Tensor, N. S., 33(1979), 242-246.





